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1 Introduction 

A study of q-analogues for bounded symmetric domains, in particular, for quantum matrix 
balls, was started in [|, This work continues studying these 'balls' and presents the 
associated Bergman kernels. 

Everywhere below q G (0, 1), m < n, N = m + n. 

We assume knowledge of the results of |jj and keep the notation of that work. 



2 Pol(Mat mn ) g ,„ ~ Pol(X) 



q,x 



The *-algebra Pol(Mat mn ) g , a quantum analogue of polynomial algebra on the space of 
matrix, was described in J7J. This algebra was defined in terms of the generators z%, 
a — 1, ... ,m; a — 1, ... ,n, and the commutation relations 

z a z b ~Q z b z a =°> a = b & a<p, or a<b k a = p, (2.1) 
zZ4-4t% = K, a<(3 & a>b, (2.2) 
^4-4^-{q-q- x )zi^ = % a<i5 & a < b, (2.3) 



n m 



x a = f ■ E E < a '<°' • tfr + ^ - ^ 6a ^ ( 2 - 4 ) 

a',b'=l a',f3'=l 



with S ao , <5 a/3 being the Kronecker symbols, and 



A7 



q 1 , «7^j & i = k & j = / 
1 , i = j = k = I 

-(<T 2 - 1) , i = j & k = I & I > j 



, otherwise 
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The subalgebra generated by (z%)*, a = 1, ...,m; a = l,...,n, is denoted by 



C[Mat mn ] g , and the subalgebra generated by z", a = 1, . . . , m; a = 1, . . . , n, is denoted 
by C[Mat mn ] 9 . Obviously, Pol(Mat mn ) g = C[Mat mn ] g C[Mat mn ] g . 

Our work J7| provides an embedding of the *-algebra Pol(Mat TO „) g into a *-algebra 
of functions on a quantum principal homogeneous space. Remind the definition of that 
*-algebra. 

Consider the well known algebra C[SL N ] q of regular functions on the quantum group 
SL N . Its generators are tij, i,j = 1,...,N, and the complete list of relations includes 
the relations similar to (|2.1|) - (|2.3|) and the equality det g T = 1. (Here det g T is a 
q-determinant of the matrix T = (tij)i,j=i,...,jv: 

det, T = (-l) Ks)t Mi) ■ *2«(2) • • • t Ns(N) , (2.5) 

with l(s) = card{(i, j) \ i < j & s(i) > s(j)}.) 

Note that q-minors of T are defined similarly to (|2 



,Afc drf \^ ( _ y(s), . . ... 

seS k 



with / = {(h,i 2 , ■ ■ ■ ,ik)\ 1 < h < h < • • • < h < N}, J = {(ji, j 2 , • • • ,jk)\ 1 < h < h < 
■■■<3k<N}. 

In [0] the two *-algebras Pol(X) q = (C[SL N ] q ,*) and C[SU N } q = (C[SL N ] q ,*) have 
been considered, with the involutions * and * being given by 



% — ( l) J l t{i,...£...,N}{i,...3,...,N} 
t*j = sign((i - m + l)(n-j + §))t*. 



(2.6) 



They are called the algebra of polynomial functions on a quantum principal homoge- 
neous space of SU nm and the algebra of regular functions on the quantum group SUn, 
respectively. (The latter *-algebra is well known (see D)). 

We follow in introducing the notation t = £{i,2,...,m}{ri+i,n+2,...,jV}> x — tt*. 

The following lemma is deducible from ( |2.6| ) and a general formula of Ya. Soibelman 
§, |p. 432] for the involution *. 

Lemma 2.1 Let card(J) = m, J c = {1,2,..., N} \ J, /(J, J c ) = card{(f, j") G J x 
J c | j' > j"}. Then 

(j-Am \* / i \card({l,2,...,n}nJ) / „\l(3,3 c )+An (n n\ 

\ l {l,2,...,m}3> — \ L ) \ Hi l {m+l,m+2,...,N}3 c - \ Z - 1 ) 



Corollary 2.2 tt* = t*t. 

Consider a localization Po\(X) q x of the *-algebra Pol(X) g with respect to the multi- 
plicative system Ob >j Ob j Ob 3 , . . . . (The *-algebra ~Po\(X) q ^ x has no zero divisors. It is deriv- 
able from Pol(X) 9 via adding a selfadjoint element x~ x : xx~ l = x~ x x = 1, (a; -1 )* = x _1 .) 

A localization C[SL N ] q)t of the algebra C[SL N ] q with respect to the multiplicative 
system t,t 2 ,... is defined in a similar way. Evidently, C[SL N ] q j <^-> Po\(X) qx since 
t^ 1 = t*x^ = x~H* by corollary 
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The embedding of *-algebras J : Pol(Mat mn ) 9 c — ► Po\(X) qtX mentioned above is given 
by t-Hp^ m}Jaa , with J aa = {n + l,n + 2,...,N}\{N + l-a}U {a}. 

A crucial point in what follows will be such element y G Pol(Mat mn ) g that 3y = 
Our immediate intention is to construct this y. 

We need a notation for q-minors of the matrix (z^) a =i,...,m; o=i,...,n- Suppose 1 < a% < 
a 2 < ■ ■ ■ < ctk < rn, 1 < ai < a 2 < ■ ■ ■ < a k < n. Set up 



y Ak{a u a 2 , ...,a k } def ^ (_ n \l (s) z a »W ^(2) _ _ _ 



!"i ) - A/ ^ -" J 

seS fe 



In the proof of the next statement we use the fact that C[SL N ] q and C[SL N ] qtt are 
£/ g s[^®[/gS[7v-module algebras, C[Mat mn ] g is a L^-slAr-module algebra, and the embedding 
J is a morphism of U q s In- modules. When considering U q s\.N- and U q s [^"-modules, we use, 
together with the elements Ki, i = 1, . . . , N — 1, the operators Hi, i = 1, . . . , N — 1, 
introduced in |7|]. (The relationship between those is Ki = q Hl , i = 1, . . . , N — 1.) 

Lemma 2.3 Let k G N. There exists c(q, k) such that for all 1 < cti < a 2 < ■ ■ ■ < a k < 
m, 1 < ai < a 2 < ■ ■ ■ < a k < n, in the algebra C[SL N ] Q)t , one has 

with J — {n + 1, n + 2, . . . , N} \{n + a%, n + a 2 , . . . ,n + a k } U {ai, a 2 , . . . , a k }. 

Proof. Consider the linear span of all z Ak ^ ri+1 a *' r "+ 1 a k _ 1 ,...,m+i qi} ^ linear 

span of all t~H'^ l 2 m yj, with k being fixed. They are both free modules over the subal- 
gebra U q sl n ® U q sl m C UqSl^- Since J is a morphism of U q sl]y-modu\es, it suffices to prove 
( |2.8| ) in the special follows: 

rr Ak{m-k+l,m-k+2,...,m} _ , n.-LAm 

JZ {n-k+l,n-k+2,...,n} ~ C W> ^ L {l,2,...,m} J k > 

with Jj. = {n — k + l,n — k + 2, . . . ,n,n + k + l,n + k + 2, . . . , N}. 

Let F C C[SL N ] q be a subalgebra generated by {ty\ 1 < i < m, 1 < j < N} and 
Ft C C[SL N ] q j a subalgebra generated by the same elements as above and t~ x . 

It is easy to prove that / = Jz Ak ^_^l'^_ k k _^ 2 ''''^ belongs to F t and is a solution of 
the following system of homogeneous linear equations: 

(Et ® 1)/ = (Ft ® 1)/ = (Hi ® 1)/ = 0, z = l,2,...,m-l, (2.9) 

(F m <g> 1)/ = 0, 
(l®F i )/ = 0, j'^n, 

(1 <g> #,•)/= j ^ | j ^ {n, n - A;, n + A;} " 

Since £ _1 i{f^ m } Jfc satisfies all the above equations, it suffices to prove that the space of 
solutions / G ¥ t of this system is one-dimensional. Arguing just as in the proof of |7|, 
lemma 8.2], we obtain the following results. The subalgebra of solutions / G F t of Q2.9p is 
generated by £ -1 , t^™ 2 m yj, card / = m. The subalgebra F inv of solutions of ( f2.9| ) together 
with (ff m (g) 1)/ = 0, is generated by ratios of quantum minors t~H^ 2 card / = m, 
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and the subalgebra F prim = {/ G F inv | (1 ® Fj)/ = 0, j 7^ m} is generated by ratios of 
quantum minors t~H^™ 2 m}j ; ' ^ = { n — ^ + -*-) n — ^ + 2, . . . , n, n + l + 1, n + Z + 2, . . . , iV}, 
/ < m. 

What remains is to consider the linear span \)' of 1 (g) Hj, j 7^ n, and to elaborate the 
linear independence in (f)')* of the weights of generators in F prim : 

f —f- 1 t Am n — n + 1 

(l®H 3 )(t-HT 2 m}Jl ) = \ ^ * ' 3 .Zj , ^ n ■ ■ 

v j / \ iL,A,...,miJa y q , ] f {n,n — l,n + 1} 

The action of the subalgebra U q slN U q si°^ ® U q slN is to be referred to in the sequel 
more extensively than that of the subalgebra U q sl°^ U q sf^ <S> U q s\.N- Just as in 0, we 
write instead of (1 (g> £)/ in all the cases where this could not lead to a confusion. 

Apply the relations F n z% = q 1 ^ 2 5 an 5 am , H n z^ = for b 7^ n and (3 7^ m (see [0) to get 

j-i Ak{m— k+l,...,m} 1/2 Afe— l{m— fc+l,...,m— 1} 

It follows from A(F n ) = F n <g> K~ x + 1 <g> F n , F n (* _1 ) = that 

E" 1 fj.-lj.Am \ j.— 1 rp fAm 

r ti ^ fc {l,2,...,m}{n-A;+l,...,n,n+fc+l,...,Af} / / ~~ fc - r n t {l,2,...,m}{n-fc+l,...,n,n+fc+l,...,Af} ~~ 

_ 1/2,-1 , Am 

— V 6 L {l,2,...,m}{n-k+l,...,n-l,n+l,n+k+l,...,N}- 

Hence, c(q, k) = c(q, k — 1) = ■ ■ • = c(q, 1) = 1, and thus we have proved 

Proposition 2.4 Let 1 < cm < 0J2 < • • • < at^ < m, 1 < a\ < 02 < • • • < < n, 
J = {n + 1, n + 2, . . . , N} \{n + ai, n + a 2 , ■ ■ ■ ,n + U {a 1; a 2 , . . . , a k }. Then 

r, Ak{m+l-a k ,m+l-a k _ 1 ,...,m+l-a 1 } _ ,—l.Am 

J2 {ai,a 2 ,...,a fc } _ 1 l {l,2,...,m}J 

Turn back to a construction of such y G Pol(Mat m „) g that 3y = x~ x . It follows from 
(PD, O that 

E (- i ) card({1,2, ---' n}nJ)i {r 2 ,.., m y wr 2 ,.., m y)* = L ( 2 - 10 ) 

JC{l,...,iV} 
card( J)— m 



The following is due to proposition |2.4] , ( [2.10| ), and the injectivity of J 



Theorem 2.5 There exists a unique element y G Pol(Mat mn ) g sitc/i i/iai = x 1 . It is 
given explicitly by 



in 



y = i + E E ^« ) > 

fc=l {J'| card(J')=fc} {J"| card(J")=fc} 

w& J' C {1,2,..., m}, J" C {1,2, ...,n}. 

Example 2.6. In the case of quantum ball in C n (m = 1), one has z a = z\, y 

n 

1 " E 

a=l 
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Corollary 2.7 For all a — 1, . . . , m, a — 1, . . . , n, one has 

o. —2 ex. ( a\* 2 / a\* 

z a y = q yz aJ OJ y = q y{z a ) . 

Note that / G Pol(Mat mn ) g , / 7^ imply yf^0,fy^0 because of the injectivity of 
the map 3 : Pol(Mat mn ) g — > Po\(X) qx . Hence Pol(Mat mn ) g Pol(Mat mn ) gj2/ . 

The work introduces a subalgebra Pol(X) g of all t/ g s(g[ m x gl n ) op - invariants of 
Pol(X) g . Let Pol(X)g jX and Pol(Mat mn ) g:J/ be respectively localizations of the *-algebras 
Pol(X) g and Pol(Mat mn ) g with respect to the multiplicative systems x n , y n . Now theorem 
~~5| and proposition 8.1] provide a 'canonical' isomorphism 



Proposition 2.8 Pol(Mat mn ) gi y^Pol(X) 9)X . 
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( M \ 

(The injectivity of 3 is evident. In fact, it follows from 3 I ^ y k fk J = 0, 

Wo / 

/ M \ M 

/o,A,.--,/m G Pol(Mat mn ) g , that 3 = 0, and so ^ y M ~ k fk = 0, 

\fc=0 / k=0 

M 

E y- k h = 0.) 

fc=0 

Remark 2.9. In some contexts the generators z" become inconvenient and are to 
be replaced by z aa = (— q)^ 1 z™ +1 ~ a , a = 1, . . . ,m, a = 1, . . . ,n. (This passage could 
treated as drawing down the 'Greek' index via the 'tensor' e = (— q) a ~ 1 5 a+ p :m+ i.) 

Proposition 2.10 Consider the matrix Z = (^ aa )a=i,...,m,a=i,...,n- I n the matrix algebra 
with entries from C[SL N ] q j one has 

3(Z)=T{ 2 1 T U , (2.11) 
with 3(Z) = (3(z aa )), Tn = (t aa ), T 12 = (t an +p), a, P = I, ... ,m,a = 1,2, ... ,n. 

Proof. Let T = (tij)ij=i,...,m and det^T = E se5m (-g)~ i(s) t s(m ) m t s ( m _i) m _i • • ■ t s( i)i. 
We are about to prove that in C[Mat mn ] g one has 

detg T = det 9 T. (2.12) 

The relation det^T = const (q) det g T follows from the L^slm-invariance of det^T, det ? T, 
if one also takes into account that the spaces of homogeneous degree m invariants are 
one-dimensional. To compute the constant const (q), it suffices to pass to the quotient 
algebra with respect to the bilateral ideal generated by Uj, % ^ j. 
Now (|2.11 ) is derivable from (|2.12|) and the explicit form of T^ 2 '■ 

(Tu)ap = {detgTu)- 1 ■ (-q) a -P det q ((T 12 )i3 a ), a,(3=l,...,m 

(Here, just as in the classical case q — 1, (T 12 )/fo is a matrix derived from T 12 by discarding 
the line (3 and column a.) ■ 

Remark 2.11. In the classical limit (q = 1) one has 

m m 

y = 1 + ^(-l) fc tr(Z Afc (Z*) Afc ) = 1 + ^(-l) fc tr((ZZ*) Afe ) = det(l - ZZ*). 

k=l k=l 

(These relations are evident since their proof reduces to considering the special case z aa = 

^a$aa, G C.) 



5 



3 Hardy-Bergman spaces 

Remind some results of |7[]. An extension Fun(U) 9 of the covariant *-algebra Pol(Mat mn ) 9 
was produced there via adding to the list of its generators {z% } of such element / that 
fo = fo = fo > and ( z a)*fo = h z a = for all a = 1, . . . , m, a = 1, . . . , n. 

Let D(JJ) q = Fun(U) 9 /oFun(U) 9 be the *-algebra of finite functions in the quantum 
ball, and H = Fun(U) 9 /o = C[Mat m „] g / - It follows from the explicit formulae for the 
action of U q s\.N in Fun(U)q (see f7j) that D(JJ) q is a L^sUnm-module algebra, and H is 
a U q b + -modu\e algebra. (Here U q b+ C U q sIn is a subalgebra generated by Kj 1 , Ej, 
j = 1, ... ,N — 1). We follows JF) in denoting the 'natural' representations on Fun(U) g 
and U q b + in Ti by and V respectively. In section 9 of that work an explicit formula for 
the invariant integral was obtained: 

j fdv = tr(9(/)r(e^)), / E D(U) q , (3.1) 

1 N-l 

with p = — ^2 j(N — j)Hj, h > 0, and the operators T(Hj) in Tt are determined by 

2 j=1 

q = e _/i//2 , T(Kp l ) = q ±T ( H j\ j, . . . , N —1. (We follow an agreement of 0] in restricting to 
considering only those t/qStjv-niodules which admit well defined actions of the 'elements' 
Hj, X+ = Ejq-&, Xr = gh^Fj, j = 1, . . . , N - 1.) 

Among the main results of [|7| one should mention, in particular, the positivity of the 
scalar product in 7i defined by 

(^i,^)/o = »i, ipi,iheH. (3.2) 

The positivity of the scalar product (|3.2|) implies the positivity of the invariant integral 
(O(seei). 

oo 

Remind (see [0]) that C[Mat mn ] 9 = C[Mat mn ] 9ijfc , C[Mat m „] gifc = {/| deg / = k}, 

k=0 

oo 

H — © 7~Lk, H-k = CfMatmnjq^/o- The equality yfo = fo and the commutation relations 

fc=0 

yz* = <f z aVi a = 1, . . . , m, a = 1, . . . , n imply 

Lemma 3.1 For all k, X 6 Z + one has 

®{y) X \ Hk =q 2kX L (3.3) 

The non-integral powers Q(y) x G End(7i) of the operator Q(y) are defined by (|3.3j ). 
Lemma 3.2 For X > N — 1 one has 

n—l m—l 

tr (e(y) A r(e^)) = n n (1 - ^(A+i-^^y+fc))- 1 

j=0 k=0 

Proof. Equip the linear span f) of the 'elements' Hj, j = 1, 2, . . . , N — 1, with a scalar 
product 

f 2 , i-j=0 
(Hi,Hj)= { -1 , \i-j\ = l • 
[ , |i-j'|>l 
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Let {aj} be the standard basis of simple roots in [)*. Then atj(p) = (Hj,p) = 1 for all 
j — 1, . . . , N — 1, and the relation 

= i ((m + l)(n - l)# n _i + (m - l)(n + l)# n+1 + mnff„) # = 
= ~ (-(»" + l)(n - 1) - (m - l)(n + 1) + 2mn) = z™ 

implies 

pz^ = (N + 1 — a — a)z%, a — 1, . . . , m, a = 1, . . . , n. (3.4) 

The vectors {{z\) kl1 ■ ■ ■ {z™) kmn fo}, k aa G Z+, a = 1, . . . , m, a = 1, . . . , n, form a basis 
in 7-^, and, by a virtue of ( |3.4p , one has 

r(e^)((^) fcl1 • • • (C) fc ""7o) = g- 2 S^(JV+i^)((^)fcn . . . ( z ™)*™/ ). (3.5) 
What remains is to apply the definition of the operator 0(y) A : 



n m 



tr {Q{y) x T{e h »)) ^-^g (3.6) 

fcn=0 fc mn =0 

and to sum the geometric progressions in (|3.6| ). ■ 

Proposition 3.3 For any f G Fun(U) 9 , 0(/) is a bounded operator in the pre-Hilbert 
space TC. 

Proof. By a virtue of [0, remark 8.6], it suffices to consider the case / G Pol(Mat mn ) g . 
In the work alluded above, a ^-representation II was constructed; it was also shown to be 
unitary equivalent to the ^-representation 6. Thus, the inequality ||0(/)|| < oo follows 
from ||n(/)|| < oo (see the appendix). ■ 

By proposition |3.3|, for A > iV — 1 one has a well defined linear functional 



J fdu x d ^ C(A)tr (0(/)e( Z /) A r(e^)) , / G Fun(U)„ 



with 

n— 1 m— 1 



C(A) = II II ( l - q 2iX+1 - N) q 2U+k) ) ■ (3.7) 

j=0 k=0 



Proposition 3.4 For all X > N — 1, the linear functional J fdv\ on the *-algebra 

Fun(U)q is positive, and J ldv\ = 1. 

u 
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Proof. The latter relation follows from lemma |3.2| . To verify the positivity of J fdv\, 

v q 

it suffices to observe that the ^-representation of Fun(U) 9 is faithful, and the bounded 
operator C(X)Q(y) x T {e h ' } ) = C(X)T {e h ' } ) Q(y) x is positive. ■ 

Consider a completion L 2 (dv\) q of the vector space Fun(U),j with respect to the norm 

( V /2 

II /II a — / f*fdv\ J . The closure L 2 a {dv\) q of the linear subvariety C[Mat mn ] g in the 
\v q J 

Hilbert space L 2 {dv\) q will be called the Hardy-Bergman space. 

There exists a very useful approach in which the *-algebra Pol(Mat mn ) 9 is treated as 
a q-analogue of the Weil algebra, and the operators (1 — q 2 )^ 1 ^ 2 T(z^), (1 — q 2 )~ 1 ^ 2 T(zfff)* 
as q- analogues of creation and annihilation operators respectively. In this context, the 
following result becomes a q-analogue of the Stone- von-Neumann theorem. 

Theorem 3.5 There exists a faithful irreducible * -representation of Pol(Mat TO „) g by 
bounded operators in a Hilbert space. This representation is unique up to unitary equiva- 
lence. 

Proof. By proposition |3.3| , there exists a well defined ^-representation of 
Pol(Mat mn ) g in a completion TC of the pre-Hilbert space TL. This ^-representation is 
faithful by ]7|, proposition 8.8]. Furthermore, if a bounded linear operator A commutes 
with all the operators 0(/), / G Pol(Mat mn ) g , then, in particular Q(y)A = AQ(y). Hence 
Afo = afo for some a G C since C/o is an eigenspace of Q(y). It follows that A = al. 
That is, is irreducible. What remains is to demonstrate a uniqueness of the faithful 
irreducible ^representation. 

Let T be a faithful irreducible ^-representation of Pol(Mat mn ) g by bounded linear 
operators in a Hilbert space. The same idea as in JTO] can be used to prove that the 
non-zero spectrum of the selfadjoint operator T(y) is discrete. Consider some eigenvec- 
tor v of T(y) associated to a largest modulus eigenvalue. By a virtue of corollary |2/5], 
T{{z")*)v = 0, a = 1, 2, . . . , m, a = 1, 2, . . . , n. It is easy to show that the kernels of 
the linear functionals (T(f)v,v), (@(/)/o, fo) on Pol(Mat mn ) g are just the same subspace 

C[Mat m „] 3 jC[Mat mn ] 9 _ A . Thus (T(f)v,v) = const(O(/)/ , / ), const > 0, and 
(j,*)? fe (o,o) 

hence the map fo i— > ( const )~ 1 / 2 v admits an extension up to a unitary map which inter- 
twines the representations and T. ■ 



4 Distributions 

It will be proved below that the orthogonal projection P\ in the Hilbert space L 2 (di>\) q 
onto the subspace L 2 a [dv\) q C L 2 [dv\) q is an integral operator. Our principal intention is 
find the kernel of this integral operator. 

We follow with beginning the construction of distributions in the quantum matrix 
ball via a completion operation. 

Impose three topologies in Pol(Mat m „) g and prove their equivalence. 

Associate to each element if) G D(U) q a linear functional : Pol(Mat m „) g — > C given 

by ^(/) = / fi>dv. Let T be the weakest among the topologies in Pol(Mat mn ) g in which 

u, 

all the linear functionals l^, if) G D(V) q , are continuous. 
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Consider the finite dimensional subspaces Pol(Mat mn ) gi jj = C[Mat mn ] ?) j • C[Mat mn ] gj -, 
i < 0, j > 0, of the vector space Pol(Mat mn ) g , together with such linear operators 

Pij : Pol(Mat mn ) g -> Pol(Mat mn ) 3l ij that / = J2 Pij(f) for all / e Pol(Mat mri ,) g . Let 

*>o, j<o 

T\ be the weakest among the topologies in Pol(Mat mn ) g in which all p^, i < 0, j > 0, are 
continuous. 

Consider the finite dimensional orthogonal projections Pj in H onto the homogeneous 
components Hi, i G Z + , and the linear operators 0^ : Pol(Mat mn ) g — ► Kom.(TCj, TCi), 

f^Pie(f)\ Hj ,i,jeZ+. 

Let T 2 be the weakest among the topologies in which all the linear operators 0jj, 
i,j G Z+, are continuous. 

The completion of Pol(Mat mn ) g with respect to T will be denoted by D(V)' q and 
called the space of distributions in the quantum matrix ball. The pairing Pol(Mat mn ) g x 
D(U) q — >• C, / x %j) i-> J /^dz/, is extendable up to a pairing -D(U)^ x D(U) 9 — > C, 

/ x t/> i— > J fipdv] this justifies the use of the term 'distribution'. 

One can replace the topology T in the definition of D(U)' with either T\ or 72, as it 
follows from 

Proposition 4.1 The topologies T, 7[, T 2 in Pol(Mat mn )q are equivalent. 

Proof. By 0, remark 8.6], D(V) q End(H) f , with End(H) f ~H®H*. Thus, the 

equivalence of the topologies T , T 2 follows from ( |3.1|) , (|3.6| ) . 

What remains is to prove the equivalence of Ti and T 2 . Consider the linear span L\ 
of the images under the embedding (Pol(Mat TOn ) 9 )y)* (Pol(Mat mn ) g )* and the lin- 
ear span C 2 of the images under the embedding (Horn(7Yj, Hi))* ^ (Pol(Mat mn ) 9 )*. It 
suffices to prove that L\ = C 2 . The inclusion L\ D C 2 follows from Horn(7^j, Hi)* C 

min(i,j) 

Pol(Mat mn )*£_ fe The converse inclusion follows from Pol(Mat mn )*^ C 

k=0 

mm(i,j) 

Hom(Hj,Hi)* . The latter inclusion is easily deducible from the previous one and 

k=0 

0, lemma 8.7]. ■ 

The equivalence of T and 7i allows one to identify the topological vector space 
D(JJ)' and the space of formal series / = fiji fij e P°l(Mat mn ) 3l ij equipped with 

i>0, j<0 

the topology of coefficientwise convergence. The structure of a covariant Pol(Mat mn ) g - 
bimodule is transferred by a continuity from Pol(Mat mn ) g onto the above space D(V)' q of 
formal series. 

Let End(H) = x Hom(7Yj, Hi) - the direct product in the category of vector spaces, 

i,j>0 

1. e. the corresponding space of formal series. Evidently, End(H)f > End(H) "—>■ End(H). 

Consider the embedding i : D(U) q D(V)' determined via the isomorphisms 

D(J])g ~ End(7Y)/, -D(U)^ ~ End(7^). (The second isomorphism is a consequence of 
the equivalence of T and T 2 .) 

Proposition 4.2 The embedding of vector spaces i : D(U) q "—>■ D(JJ)' q is a morphism of 
covariant Pol(Mat mn ) q -modules. 
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Proof. By the construction, i is a morphism of Pol(Mat mn ) g -bimodules. What re- 
mains is to prove that this is a morphism of U q slN- modules. Consider the element 
fo G D(JJ)' which is the image of fo G D(U) q under the embedding i. It suffices to 
demonstrate that the relations from M which define the structure of [/gSt^-module in 
D(U) g , are also valid in D(V)' q : 

#n/o = 0, F n f = — -= Tfo{z™)*, E n f = — o Z ™fo, 

q 2 — 1 1 — q 2 

H k fo = F k fo = E k f = for k ^ n. 

It is easy to see that 

C/ = {/ G D(V)' q \ (^)7 = K = 0, a = l,...,m; a = l,...,n}. 

It follows from the covariance of the Pol(Mat m „) 9 -bimodule D(JJ)' that the subspace C/o 
is a ?7 9 s(fl[ n x g[ m )-submodule. Hence, if n / = 0, H k f = F k f = E k f = 0, k ^ n. 
Similarly, 

Cz™f = {feD(ljy q \H f = 2fkF 3 f = for j^n 
& fz" = for a — 1, ... ,m; a — 1, ... , n}. 
Cf o {z?)' = {feD(p) , 9 \H o f = -2fkE J f = for j ^ n 
& (z")*f = for a = 1, . . . , m; a = 1, . . . , n}. 
Apply the covariance of the Pol(Mat mn ) g -bimodule D(V)' to get 

F n f = conBti/o(0*, £ n /o = conBtaC/o- 

? l/2 1/2 

What remains is to prove that consti = — , const2 = ^. 

q 2 — 1 1 — q 2 

The first constant is accessible from the relations 

F„(/oO = F„0 = 0, / (1 - (0*0 = ? 2 /o(l - COC)*) = ? 2 /o, 
and the second one follows from 

K(«r/o) = £„o = o, (i - «TC)/o = g 2 /o(i - C W)/o = ? 2 /o- 

(A detailed exposition of these calculations can be found in J7|). ■ 

We identify in the sequel finite functions / G D(U) q with their images i(f) G -D(U)g 
under the embedding i. 



Remark 4.3. By definition, the linear subspace D(U) q — ► End(H)/ is dense in the 



topological vector space D(U)' q End(7i). The structure of the D(U) g -bimodule is 

extendable by a continuity from this dense linear subspace onto the entire space D(V)' q . 
D(V) q is a covariant algebra, hence the D(U) 9 -bimodule we have obtained is also covariant. 

To conclude, we prove the following 

Proposition 4.4 A distribution f G D(U)' is a finite function iff /C[Mat m „] ?) _&f = 
C[Mat mn ] 9 _A// = for some M 6 N. 
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Proof. Apply the fact that the linear map C[Mat mn ] g — > Tl, ip i— ► ^/o ; is one-to-one, 

and C[Mat mn ] 9 is a domain 0. For all A; £ Z + , the linear span of Q(z^)TCk, a = 1, . . . ,m, 

a = l,...,n, coincides with Tik+i, an d the linear span of Q((z")*)Tlk, o> = l,...,m, 

a — 1, ... ,n, coincides with 7ik-i (or is in the case k — 0). what remains is to apply the 

isomorphism of vector spaces D(U) q End(7i) / ~ Hi®H* ~ Hi®Hj. M 

® i>0, j>o «>o, i>0 



5 Differential forms with finite coefficients 

The results of this section are not used in producing an explicit formula for the Bergman 
kernel. However, it makes an independent interest and provides an essential addition 
to the results of 0. In a covariant algebra fl(Ma.t mn ) q of differential forms with 
polynomial coefficients was considered (it was denoted there by Q(g^i) q ). 

One can find in [[/], section 4] a complete list of relations between the generators z", 
(z%)*, dz%, d(z%)*, a = 1, . . . , n, a = 1, . . . , m, of Q(M&t mn ) q . Consider the subalgebras 
f\ mn C fi(Mat mn ) q , f\ mn C n(Mat mn ) ? , generated by {dz%}, {d(z%)*} respectively. They 
are q-analogues of algebras of differential forms with constant coefficients, and dim /\ mn = 
dim f\ mn = 2 mn . There is a decomposition 

ft(Mat mn ) g = A ® Pol(Mat mn ) g ® A . 

' 'mn ' 'mn 

We are interested in considering the space fl(U) q = f f\ mn ®D{JJ) q ® /\ mn of differential 

forms with finite coefficients and the space Q q = f f\ mn ®Fun(U) g <8> f\ mn = Q(M&t mn ) q + 
Q(V) q . We are going to equip fl q with a structure of covariant differential algebra and to 
describe it in terms of generators and relations. 

Use the above topology in D(U) q to introduce a topology in the vector space 

^(U)* = Amn^W,® Amn = A(Mat mn ), (g) c[MaW]g D(V)' q <S>C[UTt mn]q A(^ mn ) q of 

differential forms whose coefficients are distributions. The differential d and the structure 
of covariant fi(Mat mn ) g -bimodule are transferred by a continuity from fl(Mat mn ) g onto 
Q'(J]) q . (In fact, all the commutation relations involving the differentials dz®, d(z®)* are 
purely quadratic). Using proposition fO, it is easy to distinguish the differential forms 



with finite coefficients from Q'(U) q , that is, to prove that 

fi(U), = {uj E n'(U) q \ 3M : C[Mat mri ] g ,_M -u = u- C[Mat m „] 9 , M = 0}. 

This allows one to extend by a continuity the structure of covariant differential algebra 
from Q(Mai mn ) q onto Q q = Q(Ma.t mn ) q + Q(JJ) q . 

A complete list of commutation relations between the generators z%, (z%)*, fo, dz", 
d(z")*, a — 1, . . . , n; a — 1, . . . , m, of Q q , includes ( [5.1|) and the relations from @. (|5.2|) 
describes the action of the differential d onto fo- 

Proposition 5.1 For all a — 1, . . . , n; a — 1, . . . , m, one has 

f d(z:y = d(z:rf , ^ = dz a j . (5.1) 
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Proof. It suffices to consider the first relation. It follows from the invertibility of 
R- matrices involved into the commutation relations between d(zfff)* and z™, (z%)*, a = 
1, . . . , n; a — 1, . . . , m, that 



fod(z a a y = J2H V£> 4 a a e D'(u) q . 

6=1 0=1 

Prove that i/j^ ■ zj — for all c = 1, . . . , n; 7 = 1, . . . , m. In fact, / C[Mat mn ] gi i = 0. 
Hence, 

n m 
6=1 (3=1 

(the first equality is due to the homogeneity of the commutation relations between d(z^)* 
and zj, a, c = 1, . . . , n; a, 7 = 1, . . . , m). Thus, it follows from the latter equality and the 
definition of Q'(V) q that if>^ • z2 — 0, c = 1, . . . , n; 7 = 1, . . . , m. ■ 

Lemma 5.2 If if) G Z?'(U)g swc/i i/iai ip ■ zj = 0, c = 1, . . . ,n; 7 = 1, . . . ,ra, t/ien 
00 

</> e x C[Mat wn ] 9j ■ f c D'(U) q . 

j=0 



Proof. Show first that for any if) G D'(U) q one has ipy N — *> ipfo in the topology 

N— >oo 



of £)'(U) 9 . In fact, it suffices to demonstrate that l^tpy ) — > ltp(ipfo) for any 99 G 
£>'(U) g . Apply the decomposition £>(U) 5 = D(U) w -, fc , with D(U) ff)i)fc = C[Mat mn ] w - • 

fc<0 



/o ■ C[Mat mn ], )fc . One has: tp = Y^(pj k , with <p jk G Z>(U) w - ifc , 



l^V N ) = / if)y N ^dv = ^2 ^V N{ f>ikdv = ^2q 2Nj / 4><fjkdv. 



On the other hand, 



n^L^2 q2N:1 / ^^ kdu = / ^Vokdv = Y1 J ^foVjkdv = J i[>f (pdi/ = l 9 {ijjfo) 



N- 

j,k jjj^ k ^ j,fc 



Turn back to the proof of lemma |5.2| . If if) G -D'(U) 9 and ?/> • = for all c = 1, . . . , n; 
j — 1, ... ,m, then it follows from theorem |2.5| that if>y = if), and hence if) = ipy N — * ^/o, 

TV— >oo 

so the statement of the lemma is proved. ■ 

00 

We have demonstrated that if) G X C[Mat mn L • fo (a, b = 1, . . . , n; a, (3 = 1, . . . , m). 

j " 

Prove that if)^ differs from f only by a constant multiple. All U q s [^-modules consid- 
ered in J7| were equipped with a gradation determined by the element H of the Cartan 
subalgebra: 

2 / n— 1 m—1 \ 

#0 = ; — m y^JHj + n j-f^jv-j + mnH n . 

\ 3=1 j=i / 
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An application of the operator q H ° to fod(z^)* and d(z^)*ip^ yields q H °(tffa) = i^ a - 

oo 

What remains is to remind that {/ G X C[Mat mn L,- ■ /o| q f — f} — C/o. 

j=0 

We have proved that the linear span of {/ • d(z% )*} a =i,...,n; a=i,...,m coincides with the 
linear span of {d(z°)*f }b =i,...,n; /3=i,...,m- This vector space is a simple UqS\ n ® UqSl m ~ 
module, and the linear map f ■ d(z%)* h- > d(z^)*f is the unique up to a constant multiple 
endomorphism of this ?7 g sl n (g> f/ g sl m -module. Hence, f ■ d(z®)* = C ■ d(z®)*fo for some 
C E C. On the other hand, / * = /„, and so C ■ d{z«)* /„ = / • d(z^)* = / MO* = 
C 2 • d{z2)*fi = C 2 ■ d{z«)*f . Therefore, (1 - C)C ■ d{z«)*f = 0. On the other hand, 
f . d(z«)* = C ■ d(z%)*f ^ 0, and thus we get C = 1. ■ 



Proposition 5.3 

#o = -— a 2 E Ew»w + ^/own- ( 5 - 2 ) 



Proof. It follows from /* = /„ that df = df + dfo = df + (df )* = dfo + (df )*. 
Hence, it suffices to prove the relation 

1 n m 

df = coo, u = -—j E «M£)*- 

^ o=l a =i 

Let fi(U)S 0,1) be the space of (0,l)-forms with finite coefficients in the quantum ball. 
Remind that all the {/gSt^-modules in our consideration are equipped with a Z-grading 
defined by the element Hq [0] . We are about to prove that 1-forms dfo and ujq are solutions 
of the following system of equations: 

(l-y)u = dyf Q , H oo = (5.3) 

and to elaborate the uniqueness of a solution of this system in the space f2(U)g°' 1 ' ) . 
We start with proving the uniqueness. 



Lemma 5.4 IfuE f2(U)q°' 1 ' ) and (1 — y)u = H u = 0, then uj = 0. 

Proof. Apply the decomposition D(U) g = D(V) g j : k, with D(U) q j jk = 

i)./,'<o 

oo oo n m 

C[Mat mn ] 3 j/oC[Mat mn ], )fc . One has w = X) E ^jk, where u jk = J2 S fajk d ( z a)*^ 

fajk £ D(\J)q t j t -k. The statement of the lemma now follows from the relations Hqu^ = 
2(j — k — and (1 — y)ujjk = (1 — q 2 ^)uijk- (The latter relation is deducible from 

y fo = fo and yz% = q 2 z%y; a = 1, . . . , n; a = 1, . . . , m). ■ 

Turn back to the proof of proposition |5.2|. What remains is to verify that the 1-forms 



dfo and u>o are solutions of the equation system |5]3 . 

The relations H (df Q ) = 0, H uj = follow from H f = 0, H z«_= 2z°, H {dz°)* = 
—2(dz%)*, a = 1, . . . ,m, a = 1, . . . ,n, together with the fact that d is a morphism of 
f/gStAT-modules. 
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To prove the relation (1 — y)dfo — dy ■ fo it is sufficient to apply d to both sides of 
the equality y ■ f = f . 

The relation (1 — y) ■ ojq = dy ■ fo follows from 

n m 

^•/o = -^<M<r. (5.4) 

a=l a=l 

On the other hand, (|5.4j ) is deducible from the explicit formula for the element y obtained 
in section 2: 

oo n m 

k=0 a=l a=l 

Y. E ""J (***£)*■ 

{J'|card(J')=fe} {J"|card(J")=A:} 

In fact, d(z")*f = f d(z^)*; (z")*fo — for all a — 1, . . . , n; a — 1, . . . , m, and hence 
dy k ■ f = for all k > 2. ' ' ■ 



6 The linear map P\ 

We assume in what follows A > N — 1. 

Proposition 6.1 The linear subspace D(V) q is dense in the Hilbert space L 2 {dv\) q , and 
the embedding D(JJ) q D(U)' q extends by a continuity up to an embedding L 2 (dv\) q 

Proof. It suffices to apply the relations fl3.1|) , ( |3.5|) , and the isomorphisms 



D(U) q -h. End(H)/, D(U)' ? -»• End(W) (see section 4) ■ 

We identify in the sequel the Hilbert space L 2 (dv\) q and its image under the embedding 
into the space of distributions D(U)' . 

Consider the orthogonal projection Pa in the Hilbert space I?{dv\) q onto the Hardy- 
Bergman subspace L\{dv\) q introduced in section 3. A principal subject of the research 

o 

in the remainder of this work will be the linear map Pa: D(\J) q — > D(JJ)' given by a 
restriction of P\ onto the dense in L 2 {dv\) q linear subspace D{U) q . [] 

This section presents a construction of such a representation it\ of U q $ljsr i n D(U)' q 
that 7T\(a)D(lJ) q C D(U) q for all a G U q si N , and 



o o 



ir\(a) P x =Px 7r A (a), aeU q sl N . (6.1) 

The results of section 7 will imply that Pa is uniquely determined by ( |6.1|) and its 
value on f . 



x It will be proved in the sequel that PaFuii(U) 9 C C[Mat r , 
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Proposition 6.2 There exists a unique representation it\ of U q slN in D(U)' q such that 
for all f G D(U)> q 



, Ejf, 3 + n, 



/> 3 = n - 

Proof. The uniqueness of tt\ is obvious. While proving the existence of this repre- 
sentation, it suffices to replace the topological vector space D(U)' by its dense subspace 
Pol(Mat m „) 9 , and to consider the special case A G {N, N + 1, iV + 2, . . . }. (In fact, the 
problem is to prove equalities in which both sides are in C[q x ,q~ x ]. So, what remains is 
to observe that two polynomials which coincide on the set {q N , q N+1 , q N+2 . . . } are identi- 
cally the same.) Consider the C/qSljv-module Pol(X) q>x and the associated representation 
7r of UqSlN- Remind the notation t = t^™ 2 m }{n+in+2 n}- The existence of n\ follows 
from the following 

Lemma 6.3 Let A G {N, N + 1, iV + 2, . . . } and J A be the linear map J A : Pol(Mat mn ) g — > 
Pol{X) qx ; J x : f ^ (J/)t~\ Then for all j = 1, . . . ,N - 1 one has it\{E-) = 

Proof. It follows from the covariance of the algebra D(V)' q that 
E 3 {fr x ) = (E 3 f)(r x ) + (KME^)), 
Fj(ft- X ) = {F 3 f){Kj\r x )) + / • (Fj(t~ x )), 
KfUT x ) = (Kff)(Kf(t- x )), 
so it suffices to prove the relations 

1/2 1 - g 2 ^ / ,-i , Am \ .-^ ■_ 

9 1_„2l r r {l,2,...,m}{n,n+2,...,V}i 1 > 3 ~ n i 



E j {t-») = { * 1-q' 

0, j^w- 
for all /i G — Z+. These are easily deducible via an application of the covariance of 
Pol(X) g)X and the relations 



Fjt = 0, tf^t 



q Tl t, j = n 
t, j^n.' 
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{„-l/2 . y-Am n — n 

0, n. ' 

(For example, 

fc-i fe-i 

E n (t k ) = Y,{Knt)KEnt)t k - j - X = Q- l/2 E(9"^*{lA..,mHn.^V.^}**" i " 1 = 

i=o j=o 
fc-i 

= <T 3/2 E ^ ( i " 1 ^r 2 ,..., mH n,n + 2,...^ } ) «*-) ■ 

i=o 

Remind the notion of an invariant scalar product in a representation space of a Hopf 
*-algebra A. Let S be the antipode and e the counit of this Hopf algebra. 

Consider an A-module V. The antimodule V is defined to be V as an Abelian group, 
while the multiplication by complex numbers and A-action in V are given by 

(X,v)^Jv, (a,v) i-> (S(a))*v, X G C, a G A, v G V. 

Let Vi, V2 be two A-modules. A sesquilinear form V\ x V% — > C is called invariant if 
the associated linear functional 7/ : V2 <8> Vi — ► C is a morphism of A-modules: 

ry(au) = e(a)r)(v), a <E A, v e V 2 ®Vi. 

Consider the representation n\ and its subrepresentation in D(U) q . Let D(U) qt \ be 
the associated [/ g su n)m -module. (The {7 g su n)m -modules C[Mat mn ] gi A, Pol(Mat mn ) 9j A, and 
Fun(U) gi A = Pol(Mat mn )g 5 A + D(U) qt \ are defined in a similar way.) 

Proposition 6.4 For all X > N — l, the scalar product D(\J) q> x>< D(U) qi \ — > C, fi x f 2 1— > 
/ 2 ' fiV X dv is positive and U q su n ^ m -invariant. 



Proof. The positivity was demonstrated before (in section 3). The same argument 
as in the proof of proposition ^]2| allows one to reduce matters to the special case A G 
{N,N+l,N + 2,...}. 

In this special case one has a well defined operator J\ : D(U) qt \ — ► D(X) g , J a : / 
(J/)t _A . It follows from lemma |Q| that this linear map is a morphism of [/ g sUn jm -modules. 



One can find in |7J a construction of invariant integral on a quantum principal homo- 
geneous space. It is easy to deduce from that construction that / ft*dv = / t* jdv for 



all / G D(X) q since the operator U(tt*) introduced in the paper alluded above commutes 
with r(e involved in ( |3.1|) . Hence 



nhv x dv= i (y 2 y{y l )(tt*y x dv= / (a/ 2 )Wi)*~ A (*T A ^ 



Xa 



{tT\V2Y{Vi)t- x dv = / {\hY{i x h)dv. 
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Thus, the invariance of scalar product in D(U) q ^ x follows from the invariance of the scalar 
product D(X) q x D(X) q — > C, f\ x f 2 i— > J" f^fidu, while the latter statement follows 

from the invariance of the integral on the quantum principal homogeneous space. 

Corollary 6.5 For all X > N—l, the scalar product Fun(U) 9i AxFun(U) 9) A — ► C, /ix/ 2 i— > 
(/i,/ 2 )a = C(A) / / 2 7i^a *s £/, su n}7n -invariant (the constant C(A) zs determined by 

B))- 

Proof. Let j G Z + and Xj £ be such a finite function that the operator 

0(Xj) in 7i = is the projection onto the space & k=Q 'Hk along the subspace 

©fcLj+i^fe. (The existence and uniqueness of such \ is due to the isomorphism : 
D(JJ) q — > End(7i) /). The invariance of the scalar product (fi, f 2 )\ in D(U) q)X implies the 
invariance of the associated scalar product in Fun(U) 9) A since for all /i, /2 G Fun(U) g: A, 
ai,a 2 e ?7gSu n 

(7rA(ai)/i ) 7r A (a 2 )/2)A = lim (n\(ai)(XmifiXma),n\fa)(Xrmf2Xmi))*- 

mi ,m2-»oo 

While proving the latter equality, one should use the description of L/gSlAr-action in D(JJ) q 
from f7|, sections 7, 8]. ■ 

Proposition 6.6 P\Fun(U) 9; A C C[Mat mn ] gi A, and the associated linear map P x : 
Fun(U) gj A - > C[Mat mn ] 9) A is a morphism of U q su ntm -modules for all X > N — 1. 

Proof. Each / G Fun(U) 9) A is orthogonal to all but finitely many of homogeneous 
components of the graded vector space C[Mat mn ] 9i A. Hence P\f G C[Mat mn ] 9) A. Since 
Pi = P x , it suffices to prove that C[Mat mn ] 9) A and its orthogonal complement in Fun(U) gi A 
are {7 g su nim -submodules of the {7 g su nim -module Fun(U) (?i A. For the first subspace this 
follows from the definition of tt x , and for the second one this fact is due to corollary |6.5| 
(by the invariance of the scalar product we have: 

(7r A (a)/i, f 2 )\ = (fi, ir x (a*)f 2 ) x , a G U q 3Un >m , fi, f 2 G Fun(U) giA 
(cf. §). ■ 

Corollary 6.7 P x D(U) q , x C C[Mat mn ] giA , and the operator P x : D(V) Q)X -> C[Mat mn ] giA 
is a morphism of U q su nyrn -modules. 



7 The element fo 

Consider the subalgebras U q yi± C U q s{^ generated by {Ej}j = i > N _i and {-^}j=i,...,v-i, 
respectively. 
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Lemma 7.1 fo generates the U q , yi + -module C[Mat mn ] 9 /o o,nd the {7 9 91_ -module 
/ C[Mat ran \q ■ 

Proof. It suffices to prove the first statement. One can find in p|, |7| a description of 
the generalized Verma module V + (0) over UqSl^ with a single generator f+(0) G V+(0). 
It is sufficient to demonstrate that the map v + (0) i— > fo admits an extension up to 

an isomorphism of the graded U q 9T+ -modules V+(0) — > C[Mat mn ] g /o. On the other 
hand, C[Mat mn ] 9 /o is a dual graded £/ (? 9't + -:module with respect to C[Mat mn ] g , due to 
the invariance and nondegeneracy of the bilinear form C[Mat mn ] g /o x C[Mat mn ]q — > C; 
fi x f'2 / f\f2&v (nondegeneracy follows from J7|, lemma 8.4]). Furthermore, it was 



shown in @, |7| that V+(0) ~ (C[Mat mn ] g )* in the category of L/qSljv-modules. What re- 
mains is to refer to the coincidence of the kernels of the linear functionals associated to 



fo and f+(0) under the above isomorphisms. (These kernels are just C[Mat TO „] ?) _.,•). ■ 

3=1 

Proposition 7.2 U q sl N f = D(U) q . 

Proof. Consider an ordered set {ji, J2, • • -jr}, t G Z+, formed by the elements of the 
set {1,2,... ,N — 1}. It suffices to prove that (Ej 1 Ej 2 ... Ej r f o)C[Mat mn ] q C U q si^fo, 
since the linear span of E^E^ . . . Ej r f coincides with C[Mat mn ] q fo by a virtue of lemma 



7.1. We proceed by induction in r. In the case r = our statement follows from lemma 



TTT| . The induction passage from r — 1 to r could be easily done via an application of 

mf + fo))f- = #i(/ + /o/-) - /M.MoH7v/ )■ (7.1) 



In fact, set up j = j x , f+fo = E j2 E j3 . . . E jr f , f- £ C[Mat mn ] q . By the induction 
hypothesis one has 



/+/<,/_ G {E n E n . . . ^■./ )C[Mat mn ] (? C U q si N f 



0) 



K h {Ufo){E h fJ) G (E h E j3 . . . E jr f )C[Mat mn ] q c U q sl N f . 

Hence (E h E n . ..E jr f )f- = (%(/+/o))/- = E h {f + f f.) - K h {f + f )E h f. C E^/ . 
■ 

The relations (|6.2D - (|6.4j ) allow one to generalize the statements of lemma |7.1| and 
proposition [T? 



Lemma 7.3 WO/ol Z e £/ 9 0t+} = C[Mat mn ],/ , 
W0/o| £ e = / C[Mat wn ] g . 

Proof. The first statement follows from lemma [TT] since the action of the operators 
7Ta(£); £ G t/q9T + , on the subspace C[Mat mn ] g /o is independent of A. The second statement 



reduces to lemma [7J] via replacement of the generator F n 1— > g F n . 



Proposition 7.4 {tt a (0/o| £ G ^iv} = £>(U) 5 
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Proof. Repeat the proof of proposition |7.2| with the reference to lemma [7j] be- 
ing replaced by that to lemma [7]3|. The statement (E^E^ . . . Ej r fo)C[M.aA mn ]q C 
{^(O/ol £ UqSlN} is proved by induction in r as before. The only difference 
is that the first term in the right hand side of ( |7.1| ) should be replaced in the case 

1 - q 2X 

j = n by 7Tx(E n )(f + f f-) + q 1/2 - -K n {f + f Q fJ)z™. The appearance of the term 

1 — q A 

const(/ + , X)f + foK n (f_)z™ does not require introducing any essential changes to the in- 
duction process in question since K n (fJ) G C[Mat mn ] g , f + f K n (f-)z™ G f + f C[Ma,t mn ] q . 
■ 

Remark 7.5. It follows from proposition |7.2| that the invariant integral D(U) q — > C 
on the quantum matrix ball is unique up to a constant multiple. 



8 The integral operators Ki 

This section contains a construction of a family of integral operators K\ : D(JJ) q — > D(U)' q 
which commute with the operators of the representation tt;. 

Let C[Mat mn ]° p be the graded algebra derived from C[Mat mri ] 9 via replacing its mul- 
tiplication law with the opposite one. The term 'algebra of kernels' will stand for a 
completion of the bigraded algebra C[Mat mn ]° p (g) C[Mat mn ] g , that is, the algebra of for- 

oo 

mal series of the form K = £ G C[Mat m „]^ ® C[Mat mn ] 9 with the 

i,j=0 

topology of coefficientwise convergence (the topology of direct product). This algebra is 
denoted by C[[Mat mn x Mat m „]] ? . 

To begin with, we construct the kernels K\ of integral operators K\ in the special 
case I G — N. A passage to the general case is to be performed later on via an 'analytic 
continuation' with respect to the parameter / in C[[Mat mn x Mat mn ]] g (cf. [§]). 

It follows from the definition of the involutions *, * that 

/iAm \* — f 1 \(card{l,2,... ,n}nj) ( + Am \* 

\ l {X,2,...,m}j) — \ l ) \ 1 {1,2,. ..,m}j) > 

where (tg» !);}/ )* = (-q) l{J) t$ +1 ^ jN}J „ J' = {1, . . . , N} \ J, l(J) = card{(a,6)| a > 

b & a G J & 6 G J'}. Apply these relations and the U q slN- invar iance of the element 

1 1)^771+2 s(m+ 2) • ■ ■ t Ns ( N ) G C[SL N ] q <g> C[SL N ] q to 

obtain 

Lemma 8.1 The 'kernel' 

l= £ (-i) (card{i ' 2 '-' n}nj) ^r 2 ,..., m} , ® wr 2 ,.., m} ,)* (8.i) 

card( J)=m, Jc{l,2,... ,JV} 

a U q s[N -invariant of the U q s{^ -module Yo\{X) q (g> Pol(A) g . (That is, aL = e(a)L for 
all a G U q slN ■) 

Consider the algebra Po1(A)°p. which is coming from Yo\(X) q ^ x via replacing its mul- 
tiplication law with the opposite one. 
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Remark 8.2. An application of proposition |2]^] allows one to prove that in the algebra 
Po1(X)°p ® Pol(X) q 



l = j®3 i + ^(-i) fc x fc U®r, 



fc=l 



with Xk £ C[Mat mn ]° p ® C[Mat mn ] ? C C[[Mat mn x Mat mn ]] g being the kernels given by 



Xk 



y: e ^®(^)*- (8 - 2) 



J'C{l,...,m} J"c{l,...,n} 
card(J')=A: card(J")=fc 



It was shown in || section 2] that a product of any two L^sl/vr-invariants of Pol(X)° p <g> 
Pol(X) g is again a U q $ljsf- invariant. Hence the following generalization of lemma 

Lemma 8.3 All the powers V , j G N, of L G Pol(X)° p ® Po\(X) q , are U q slN -invariants. 
Let I G — N. Define the kernel Ki by 

i + EhWx* ■ 1 + E(-? 2(m) )^ — 1 + E(-?~ 2 ) fc ^ • (8-3) 

fc=l / \ fc=l / \ k=l J 

Corollary 8.4 For all I G — N the element (t ®t*)~ l -J® J(^) o/ Pol(X)° p <g> Pol(X) q is 
equal to L~ l and hence is a U q siN -invariant. 

Proof. It suffices to apply remark 8.2 and the commutation relation 

J ® 3(Xk)(t ® O = g" 2fc (t ® ® J(xfc), 

which follows from 

3( z a )t = ^( Z a)i a — 1, ... ,n; a — 1, ... ,m. ■ 

Consider the integral operator K\ : D(U) q — ► -D(U)^ : / i— > id ® v(Ki(l <g> /?/)), 
with Z G — N, and z/ : D(U) g — > C being an invariant integral. 

Proposition 8.5 For all I G — N, a G U q sIn one has the equality of operators from D(U) q 
into itself 

iri(a)Ki = KiTti(a). 

Proof. Consider the integral operator %[ on the quantum principal homogeneous 
space determined by its kernel %i = (t <g> t*)~ l, J ® 3(Ki). We need also an extension by 
a continuity of the map "Ji : Pol(Mat mn ) g — > Pol(X) 9jX ; : / i— > J(f)t~ l onto the space 
Fun(U) g = Pol(Mat mn ) g + D(U),. 

It suffices to prove the relations 



vr(a)XJ = 3C,7r(a)/, a G C/^, / G D(X) 
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7T/(a) = J l 7r(a)J^, a G U q sl 



The first of those follows from the invariance of the kernel %i and invariance of the integral 
involved when constructing the operator %i. The second relation is a consequence of 
lemma |6.3| and a continuity argument. The latter equality follows from the fact that for 

all ^ e Pol(Mat mn ) g and / G D(U) q one has / ' (f)~ l O(if)p(f)t~ l dv = const J \pfdu t . 

x q v q 

This relation is proved as follows: 



3(i/jfy l )du = / ipfy l dv = const / tpfdui 



(The above argument applies the relations tt> = ft and / t'fdv = J ft*,, f e D { X)„ 



X a 



together with theorem |2.5| . The latter relation follows from the special case / G D(X) q , 
and hence from even more special case / = (ft, <p G D(X) q . Now for ip G D(X) q one has 

t*Lptdu = / Lptt*du, as one can easily deduce from the explicit formula for invariant 



Xq Xq 

integral.) ■ 

Now pass from the special case I G — N to the general case via 'analytic continuation'. 
We need in the sequel some integral operators whose kernels depend on a parameter 

u. 

oo 

The term 'polynomial kernels' will stand for the formal series K{u) = Yl K(u)^'^ 

i,j=0 

whose terms belong to the C[u]-module C[Mat mn ]°^ eg) C[Mat TOn ] ?) _j (g> C[u}. The vector 
space of all polynomial kernels carries a natural structure of algebra over <C[u]. For 
any u G C one has a well defined homomorphism K{u) t— > K{uq) of this algebra into 
C[[Mat mn x Mat TO „]] 3 . 

Proposition 8.6 There exists a unique polynomial kernel K(u) such that for all I G — N, 
K{q 2l ) = K l . 

Proof. The uniqueness of K(u) is obvious. It follows from (|8.3|) that for I = 
-1,-2,-3,..., 

Remove the parentheses and reduce the right hand side of ( |8.3j ) without using any 
commutation relations (note that all the commutation relations between the generators 
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of C[Mat m „]° p and C[Mat m „] g are homogeneous of order two. It suffices to prove that for 
each word over the alphabet {xi, X2, ■ ■ ■ , Xm} the associated coefficient is a polynomial of 
u = q 21 . To do this, observe that the coefficient at the void word (free term) is 1, and the 
polynomial nature of other coefficients is deducible via QB.4| ) using an induction argument 
with respect to the length of the word. ■ 



Define the kernels K x G C[[Mat mn x Mat mn ]] g for all Z 6 C by K x = K(q 21 ), with K(u) 
being the polynomial kernel whose existence and uniqueness have just been proved. 

Corollary 8.7 For I G N, 



in 



\ k=l / V k=l / \ k=l 

(8.5) 

Proof. The validity of this relation for I 6 C follows from the polynomial nature of 



K(u) and the validity of for / e {-1, -2, -3, . . . }. ■ 

By a virtue of proposition |4.4| , for any I G C one has a well defined operator with 
kernel Kf. 

Kt : D(U) q - D(l])' q , K r .id® v(K t (l ® f)y l ). 
Proposition ^.5| admits the following generalization. 

Proposition 8.8 For all I e C, a e UgSlx, one has the equality of operators from D(U) q 
toD(U)> q : 

7Ti(a)Ki = Ki7n(a). 
Proof. It suffices to obtain the relation 

J him^K^dv = J f 2 {K m {a)h)dv (8.6) 



for all /i,/2 G D(U) g , a G UgSlpj, I G C. By a virtue of proposition |0| this relation is 
valid for all / G — N. What remains is to prove that both hand sides of |8.6| are Laurent 
polynomials of the indeterminate v = q l . As one can observe from (|3.1|), (|3.3|), it suffices to 



prove that the integrands in (8.6) are Laurent polynomials of v — q l . (The function f{y) 



with values in D(JJ) q is called a Laurent polynomial if all the operator valued functions 
Qij(f(v)), i,j G Z + , are Laurent polynomials (see section 4)). The polynomial nature 

of the integrands in (|8.6|) now follows from ( |6.2|) - (|6.4|) and proposition [4.4| . The latter 

00 

proposition implies that the formal series K{u) = Yl K^'^ which is implicit in both 

i,j=0 
M 

hand sides of (p.6|) can be replaced by a finite sum Yl K^'^, with M = M(/i, f-z) G N. 

i,j=0 

Now what remains is to remind that the operator valued functions K^'^(u), u = q 21 , are 
polynomials. ■ 
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9 q-analogues of Bergman kernels 



In section 8 the kernels K x E C[[Mat mn x Mat mn ]] g have been defined in the special case 
A E Z an explicit formula for K\ was presented in section 8; the general case A E C is to 
be considered in section 10. 

We are going to show that the orthogonal projections P\ onto Hardy-Bergman sub- 
spaces are integral operators with kernels K\\ in different terms, these kernels are q- 
analogues of Bergman kernels, (see ||). 



Theorem 9.1 For all A > N - I, f E D(If) q one has 

P x f = (id® v x )(K x (l®f)). 

Proof. Consider the special case / = fo- Evidently, 







\ 


(id®I/ A )(tf A (l®/)) = 


/ 


hdvx 






) 



■ 1. 



(9.1) 



(9.2) 



Prove that 





( 


\ 




[s 


fadu x 






) 



1. 



(9.3) 



In fact, it follows from proposition |T6] that the element P\fo E C[Mat mn ] g is subject to 
the relations H (P\f ) = P\(H f Q ) = 0. Hence P\fo = const (A) • 1. On the other hand, 
|| 1 1| a — 1 by a virtue of proposition |3.4| . What remains is to use the fact that Pa is an 

orthogonal projection in L 2 (dv\) q : const(A) = J 1 ■ fadv\ = J fodv\. Now ( p.2| ), 

(PD imply dp) for / = /„. 

Our next step is to pass from the special case / = f to the general case. Let L\ be 
the subspace of all those / E D(V) q which satisfy (j9.1|) . Prove that D(JJ) q C L\. 

We know that fo E L\. By a virtue of propositions |6ij] and |8~8| , for all a E UqSlw one 



has TC\(a)L\ C L\. Hence {7rA(a)/o| a E UqSIn} C L\. Apply proposition to complete 
the proof. ■ 

Note that the measure &\i = du N is a q-analogue of the Lebesgue measure in the matrix 
ball, and the kernel 




is a q-analogue of the ordinary Bergman kernel. 

Remark 9.2. The notation z = (z™) =i,...,n; a=i,...,m, C 
one to rewrite Q9.1Q in a more appropriate form as 



k a (z,C)/(C)^a(C). 



(Ca )o=l,... ,n; 



a=l,... ,mi 



allow 
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10 Pairwise commuting kernels 

Our purpose is to prove the following statements. 

Lemma 10.1 In the algebra C[SU m ] q p Cg> C[SU m ] q the elements 

J2 z Ak j» ® (z^l")* i fc = l,2,...,m-l (10.1) 

J', J"C{1,... ,m} 
card(J')=card(J")=fe 

are pairwise commuting. 

Lemma 10.2 In the algebra C[Mat mm ]° p g) C[Mat mm ] 9 the elements Xk, k = 1, . . . ,m, 
given by ( $.%{ ), are pairwise commuting. 



Proposition 10.3 In the algebra C[[Mat mn x Mat mn ]] g the elements Xk, k = 1, . . . ,m, 
given by (IjjOjj, are pairwise commuting, and 



k * = n 1 + E(-? 2(A+i) ) & ^ n 1 + ehw** (io.2) 

i=0 \ fe=l / \j=0 \ k=l J J 

for all XeC. 

Remark 10.4. The relations flOl) and (|8T5|) are special cases of ( p.0.2| ). 

Proof of lemma |10.1| . Apply the embedding of Hopf *-algebras C[SU m ] q {U q su m )* 



(see lU). It sends the elements z" G C[SU m ] q to matrix elements of operators of the vector 
representation tt of the *-algebra U q su m in the orthonormal basis of weight vectors. The 

minors z Ak j„ for k > 1 could also be treated in terms of exterior powers 7r Afc of the vector 
representation (see ||]). Hence one has (see Jl|, U): 

A(z AA >)= £ /^JW'V, (10.3) 

card( J)=k 



„Ak J ' 



S z 



j" ; > 



(10.4) 



with J, J', J" C {1, 2, ... , m}, S and A being antipode and comultiplication of the Hopf 
algebra C[SU m ] q . By a virtue of (|10.3|) , (|10.4|) , the elements ( |10.1|) can be rewritten as 



(S ® id) A 



E 

JC{1,2,... ,m} 
y card(J)=fc 



/ 



. Since the linear map 



/ 



C[SU m ] q - C[SU m C ® C[Siy g , / ^ (5 (8) id) A(/) 
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is a homomorphism of algebras, it suffices to prove the pairwise commutativity of the 
elements z J c C l SU m} q - What remains is to apply the equivalence of the 

JC{l,2,...,m} 

card( J)=k 

representations 7r Afcl ® n Ak2 and n Ak2 ® n Akl for all ki, ki 6 Z+. ■ 

Proof of lemma |10.2| can be obtained via replacing the quantum groups SU m with the 
quantum group U m in the proof of lemma |10.1| . Specifically, consider the Hopf *-algebra 
<C[H] with the standard comultiplication A and involution *: A(iJ) — H®1 + 1®H, 
H* = H. Our definition implies U q u m = U q su m ® C [-£/]. What remains is to demonstrate 
an embedding C[Mat mm ] g > (U q u m )*. 

For that, consider the algebra C[GL m ] q being a localization of C[Mat mm ] 9 with respect 
to the multiplicative system (det,j z) N , where, as in an ordinary setting, 

det q z=J2 (-V) 1 ^ ]z \i) z l{2) ■ ■ ■ z ?(my 

The algebra C[GL m ] q is equipped with a structure of Hopf algebra in a standard way 
and is called an algebra of functions on the quantum group GL m . Equip this Hopf algebra 
with an involution: 

(^)* = (-?) a ^(det 9 z)- 1 det g (z«), 

with z" being thew matrix derivable from z by discarding the line a and the column 
a. The resulting Hopf *-algebra C[i7 m ] g = (C[GL m ] q ,*) will be called an algebra of 
regular functions on the quantum group U m . Now we have an embedding of algebras 
C[Mat mm ] g <^-> C[U m ] q and an embedding C[?7 TO ] 9 (U q u m )*. That is, 

C[Mat mm ] g ^ C[U m ) q ^ (U q u mJ 



Consider the involutive algebra F = C[SU m ] q ® C[u, u 1 ], u* = f u l . We need embed- 
dings of algebras 



i x : C[Mat mm ]° p F op , % 2 : C[Mat mw ] 9 F, i : C[Mat mm ]° p ® C[Mat mm ] 9 F op ® F, 
given by 

*iC£) = £ ® «, MW) = oo* ® u\ i{h ® f 2 ) = i x {h) ® i 2 (f 2 ). 

It follows from the definitions that 

KXk)= Yl (z Ak j,, ®u k ) ® ((z Ak j,,y ®u- h ), k=£m, 

J',J"C{l,...,m} 
card(J')=card(J")=fc 

i(Xm) = (l®U m )®(l®U- m ). 

Thus we deduce from lemma |10.1| that 

i (Xk 1 )»(x* J )=*(x*]) l '(Xki) ) h,h = 1,... ,m. ■ 



Proof of proposition |10.3| . Show that the first statement reduces to the special case 
m = n which was considered in lemma |10.2|. Consider the homomorphisms of algebras 



31 : C[Mat mn ]° p -> C[Mat mm ]° p , j 2 : C[Mat mn ] g -> C[Mat mm ] 9 , 
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j : C[Mat m „]° p ® C[Mat mn ] 5 -> C[Mat mm ]° p ® C[Mat mm ] g 

given by 

A«) = (f '—>• ° ! " " ; *<«)•) = f «W' ° > " - *" ; 

10, a<n — m l(J, a<n — m 

=J'i(/i)®J2(/2). 

It suffices to prove the injectivity of the restriction of j onto the subalgebra Fo generated 
by Xfe, fc = 1,2, • • • ,rrc, 

Let ?/> G F , j(V') = 0- Choose A > iV — 1 and consider the integral operator with 
kernel ip: 

$ : C[Mat mn ] g -> C[Mat m „] g ; ? : / i-> id <g> v x ^){\ ® /))• 

Note that instead of the relation ip = we may prove ip — since the scalar product 

/2)a = / f£fidv\ in the vector space C[Mat mn ] g is nondegenerate. 

v q 

Remind that U q s(u n x u m ) C U q su nm is a Hopf *-subalgebra generated by K^ 1 , 
{Ej, Fj, Kp l }j^ n . It is easy to show (see ||) that the U g s(u n x u m )-invariance of 
Xk, k = 1, ... ,ra, implies the U q s(u n x u m )-invariance of ip G F . Furthermore, the 
f/ g s(u„ x u m )-invariance of y implies the U q s(u n x u m )-invariance of the integral V\. Hence 
the linear map ip is a morphism of U q s(u n x u m )-modules. 

If -0 G -Fo and j(V') = 0, then one readily deduces that xj) is zero on the subalgebra 
generated by z%, a > n — m. (In fact, if tp G F , then = is equivalent to id®^^) = 

0. Hence it suffices to prove the relation J f*ipdv\ = for any element tp of the subalgebra 

u, 

generated by z™, a > n — m, and any element / such that j2{f*) = 0. One can assume 
without loss of generality that 

/ = (zl) kll (zl) k21 . . . (z™) kml (z\) kl2 (zl) k22 . . . {z™) km2 . . . (z™) k ™\ 

oh — t-y 1 Vl 

r — K^n-m+lJ K^n-m+l) ■ ■ • l^n-m+l/' ■ ■ • V^n / ' 

with fcj/j/ ^ for some 1 < i' < m, 1 < j' < n — m. However, in this case the 
assumption j f*ipdb>\ ^ leads to a contradiction since for all j = 1, 2, . . . , n — 1 one 

v q 

(m m \ / m m \ 

E % - E *y - E fcij+i - E hj+i = Ofl and that H (f*<p) = 0, 
i=l i=l / \i=l i=l / 

n— 1 / m m \ 

E E^-E^- =o.) 

j=i \i=i i=i / 

The morphism of t/qS(u n x u m )-modules ip : C[Mat mn ] g — > C[Mat m „] 9 sends to zero all 
the generators 



f • • ■ - TT fy Ak{1 ' 

Jnn---3m — J_J_ I * {n 



Afc {l,2,...,fc} V* 
fc+l,n-fc+2,... ,n} _ 

fc=l 



of the f/qS(u n xu m ) -module C[Mat mn ] q . Hence "0 = 0, and thus the pairwise commutativity 
of Xfc, k = 1, . . . , m, is proved. 

2 We assume that Uj — for j < n — m. 
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What remains is to obtain the relation ( |10.2| ). Just the same argument as 
that used in the proof of proposition |S.6| , allows one to establish that the kernel 

oo / m \ 

n I 1 + Yl {— U( f : ') k Xk ) is polynomial (see section 8). Hence 

j=0 \ fe=l / 



K{u) = Y[ i + $^(-^r s"u | - I ! I I ' N .(-</-' ru 



j=o \ fc=i 




since the kernels in both hand sides are polynomials and coincide with kernels ( |3.3|) as 
u = q 21 , I G — N. To conclude, use the definition of K x : K\ = K(q 2X ). ■ 



Appendix. Boundedness of the quantum matrix ball 

Consider the faithful ^representation II of Pol(Mat mn ) g in the pre-Hilbert space H, de- 
scribed in [|7], appendix 2}. We use here the norm of the m x n matrix with entries in 

n m 

End7i defined as a norm of the associated linear map @ 7i — > @ 7i. 

a=l a=l 

Proposition A.l. Let Z and n(Z) 6e the matrices (z aa )a=i,...,m, a=i,...,n 
(n(2r ao )) a= i ) ... )m)0= i i ... )n; respectively. Then ||n(Z)|| < 1. 

Proof. Let S 1 be the antipode of the Hopf algebra C[SLjv] 9 ; its action on the generators 
is given by a well known formula (see 0): 

S(t a p) = (-q)*-? det 9 (7> a ), a,P = l,...,N. (A.l) 

(The matrix TJg a in (A.l) is derived from T = (tij)ij=i,...,N by discarding line f3 and column 
a.) Hence 

N 

^{-q) a ~ P t aa det 9 (7> a ) = a, /3 = 1, . . . , N, 

a=l 

or, equivalently, 

n m 

— ^ tact /3c + ^ ^«,n+7^/3,ra+7 = ^«/3' OJ, /5 = 1, . . . , 771, 

c=l 7=1 

with * being the involution in Pol(X) 9 (see [0]). After introducing a notation 

-^11 (^aa)a=l,...,m, a=l,...,ni -^12 (^a,n+/3)a,/9=l,...,m; 

an* /j.* \ . rri* /** \ 

J H — l r aQ Jo=l,...,m, a=l,...,n,] J 12 — IVftaia^l,-,™' 

we get 

-T 1X T* X + T 12 T* 2 = /. (A2) 
It follows from (A. 2) and (gXTj) that 3(7 - ZZ*) = T^T^ 1 )*. 

Apply the representation n (see @) to both parts of the above relation. By a virtue 
of n = m we obtain U(I - ZZ*) = n^ 1 )^^ 1 )* > 0. Hence U(Z)U(Z)* < I, 

||n(z)|| = ||n(z*)||<i. "" " ■ 

Now a passage from Ji to its completion allows one to obtain a representation of the *- 
algebra Pol(Mat mn ) g by bounded operators in a Hilbert space: ||n(z")|| < 1, a — 1, . . . , n, 
a — 1, ... ,m. 
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